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Using a multiphase transport model, we study three-particle mixed harmonic correlations in
relativistic heavy ion collisions by considering the observable Cm,n,m+n = 〈〈cos(mφ1 + nφ2 − (m+
n)φ3)〉〉, where φ1,2,3 are azimuthal angles of all particle triplets. We find that except for C123, our
results on the centrality dependence of C112, C224 and C235 as well as the relative pseudorapidity
dependence of C123 and C224 in Au+Au collisions at
√
s =200 GeV agree reasonable well with the
experimental data from the STAR Collaboration. We discuss the implications of our results.
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I. INTRODUCTION
The study of anisotropic flow in relativistic heavy ion
collisions has provided important information on the
properties of the produced quark-gluon plasma (QGP).
In earlier studies, the large elliptic flow observed in ex-
periments at the BNL Relativistic Heavy Ion Collider
(RHIC) for non-central collisions was found to be describ-
able by ideal hydrodynamics. This has led to the con-
clusion that the produced QGP is an ideal fluid and thus
a strongly interacting matter [1–4]. More recent studies
indicate that the experimental data on anisotropic flows
could be better understood using viscous hydrodynamics
[5–7] with a specific viscosity that is only about a fac-
tor of two larger than the theoretically predicted lower
bound [8]. In particular, the larger triangle flow observed
in experiments not only put a more stringent constraint
on the specific viscosity of the QGP [9] but also reveal
the importance of initial spatial fluctuations in heavy ion
collisions [10]. To study the effect of initial-state fluc-
tuations and that of final-state interactions with better
precision, new observables based on n-particle correla-
tions have been proposed [11], since the ratio between
these correlations and corresponding anisotropic flows
can provide information on initial fluctuations. In the
present study, we use a multiphase transport (AMPT)
model [12] to study the three-particle correlations and
compare the results with recent experimental measure-
ments by the STAR Collaboration [13, 14].
The paper is organized as follows. In the next section,
we briefly describe the AMPT model and the parameters
used in our calculations. In Sec. III, both two-particle
and three-particle correlations are described. Results on
anisotropic flows and three-particle correlations obtained
from the AMPT model are presented and compared with
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experimental data in Sec. IV. Finally, a summary is given
in Sec. IV.
II. THE AMPT MODEL
The AMPT model is a hybrid model consisting of four
stages of heavy ion collisions at ultrarelativistic energies:
initial conditions, parton scatterings, conversion from the
partonic matter to hadronic matter, and hadron scatter-
ings [12] . There are two versions of the AMPT model,
which are the default AMPT model and the AMPT
model with string melting. In both versions, the initial
conditions are generated from the heavy ion jet interac-
tion generator (HIJING) model [15]. In the default ver-
sion, only minijet partons from HIJING are included in
the partonic stage via Zhang’s parton cascade (ZPC) [16].
After their scatterings, minijet partons are recombined
with their parent strings to form excited strings, which
are then converted to hadrons through the Lund string
fragmentation model. In the string melting version, all
hadrons produced from HIJING are converted to partons
according to their valence quark flavors and spin struc-
ture, and these partons are evolved via the ZPC. At the
end of their scatterings, quarks and antiquarks are con-
verted to hadrons via a simple coalescence model. Specif-
ically, two nearest quark and antiquark are combined into
a meson, and three nearest quarks (antiquarks) are com-
bined into a baryon (antibaryon), with their species de-
termined by the flavor and invariant mass of coalescing
quarks and antiquarks. Scatterings among hadrons in
both the default and string melting versions are described
by a relativistic transport (ART) model [17] until kinetic
freeze-out.
In the present study, we use the string melting version
of the AMPTmodel with the parameter set B of Ref. [18],
i.e., using the values a = 0.5 and b = 0.9 GeV−2 in
the Lund string fragmentation function f(z) ∝ z−1(1 −
z)a exp (−bm2⊥/z), where z is the light-cone momentum
fraction of the produced hadron of transverse mass m⊥
2with respect to that of the fragmenting string; and the
values αs = 0.33 and µ = 3.2 fm
−1 in the parton scat-
tering cross section σ ≈ 9piα2s/(2µ2). This parameter
set has been shown to give a better description of the
charged particle multiplicity density, transverse momen-
tum spectrum, and elliptic flow in heavy ion collisions at
RHIC.
III. TWO- AND THREE-PARTICLE
CORRELATIONS
The two-particle correlation of particles in certain ra-
pidity and transverse momentum range in heavy ion col-
lisions is defined by [19]
cn{2} =
〈〈∑
i6=j cos(n(φi − φj))
M(M − 1)
〉〉
, (1)
where the sum is over all possible particle pairs i and j in
a single event withM particles in that rapidity and trans-
verse momentum range, φi and φj are azimuthal angles
of their transverse momenta in the transverse plane of the
collision, and the 〈〈·〉〉 denotes the average over events.
Using the identity
∑
i6=j =
∑
i,j −
∑
i=j , the numerator
in the above equation can be written as
∑
i6=j
cos(n(φi − φj))
=M2
(
〈cosnφ〉2 + 〈sinnφ〉2 − 1
M
)
, (2)
where 〈·〉 denotes the average over all particles in a sin-
gle event. In the two-particle cumulant method [19],
anisotropic flow coefficients are simply given by the
square root of the two-particle correlation, i.e., vn{2} =√
cn{2}.
Similarly, the three-particle correlation, denoted as
Cm,n,m+n, is defined by [11, 13, 14]
Cm,n,m+n =〈〈∑
i6=j 6=k cos(mφi + nφj − (m+ n)φk)
M(M − 1)(M − 2)
〉〉
. (3)
Using the identity
∑
i6=j 6=k =∑
i,j,k −
∑
j=i,k −
∑
k=i,j −
∑
i,k=j +2
∑
i=j=k [20],
the numerator can also be written as∑
i6=j 6=k
cos(mφi + nφj − (m+ n)φk) =
∑
i,j,k
cos(mφi + nφj − (m+ n)φk)
−
∑
i,j
cos(m(φi − φj))−
∑
i,j
cos(n(φi − φj))
−
∑
i,j
cos((m+ n)(φi − φj)) + 2M
= M3(〈cosmφ〉 〈cosnφ〉 〈cos(m+ n)φ〉
− 〈sinmφ〉 〈sinnφ〉 〈cos(m+ n)φ〉
+ 〈sinmφ〉 〈cosnφ〉 〈sin(m+ n)φ〉
+ 〈cosmφ〉 〈sinnφ〉 〈sin(m+ n)φ〉)
−M2(〈cosmφ〉2 + 〈sinmφ〉2)
−M2(〈cosnφ〉2 + 〈sinnφ〉2)
−M2(〈cos(m+ n)φ〉2 + 〈sin(m+ n)φ〉2) + 2M, (4)
which shows that the number of terms in the three-
particle correlation can be reduced fromM3 to the order
of M , thus improving significantly the efficiency of the
calculation when M is large.
IV. RESULTS
In this section, we show the anisotropic flow of charged
particles and their three-particle mixed harmonic corre-
lations obtained from the AMPT model in Au+Au col-
lisions at
√
sNN = 200 GeV at RHIC and compare them
with experimental data measured by the STAR Collabo-
ration.
A. Charged particle anisotropic flow
In Fig. 1, we show the participant number Npart or
centrality dependence of anisotropic flow from n = 1 to
4 for mid-pseudorapidity (|η| < 1) charged particles of
transverse momentum pT > 0.2 GeV/c in Au+Au col-
lisions at
√
sNN = 200 GeV. In particular, the partici-
pant numbers chosen in our calculations are those in col-
lisions at impact parameters of 2.2, 4.1, 5.8, 7.5, 8.8, and
10.0 fm, corresponding, respectively, to centrality bins
of 0-5%, 5-10%, 10-20%, 20-30%, 30-40% and 40-50% in
the STAR experiment. We calculate the anisotropic flow
from the two-particle cumulant method [19]. Note that
we do not include the anisotropic flow for n = 5 because
of the large uncertainty in both experimental data [14]
and our results. It is seen that the results from the
AMPT model agree qualitatively with the experimental
data [13, 21]. Quantitatively, the AMPT slightly overes-
timates the measured elliptic flow v2{2} and triangular
flow v3{2} for the most-central collisions and underesti-
mate them for peripheral collisions. On the other hand,
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FIG. 1: (Color online) Participant number Npart or centrality
dependence of Npartvn{2}2 for mid-pseudorapidity (|η| < 1)
charged particles of transverse momentum pT > 0.2 GeV/c
in Au+Au collisions at
√
sNN = 200 GeV. Open circles are
experimental data from the STAR Collaboration [13, 21].
our results for the directed flow v1{2} underestimate for
the most-central collisions and overestimate for periph-
eral collisions. For the quadrupolar flow, our results are
slightly smaller than the data for all centralities.
In both experimental data and results from the AMPT,
v1{2}2 are negative for more peripheral collisions. This
can be understood from Eq.(2). In the case of including
all particles in a collision, the first term 〈cosφ〉2+〈sinφ〉2
should be identically zero due to the conservation of total
transverse momentum. Since only mid-pseudorapidity
(|η| < 1) particles of transverse momentum pT > 0.2
GeV/c are included in calculating v1{2}2, the value of
the first term can be nonzero but small. This can lead to
positive values of v1{2}2 for large M . With decreasing
particle numberM for more peripheral collisions, the first
term in Eq.(2) can become smaller than the second term
1/M , resulting in a negative value for v1{2}2.
B. Three-particle correlations
For the three-particle correlations, we have calculated
C112, C123, C224 and C235, and compared them to the ex-
perimental results [14]. Figure 2 shows Cm,n,m+n×N2part
for the four cases as functions of the number of partici-
pant nucleons. For C112 in the upper left panel of Fig. 2,
our results show good agreement with the experimen-
tal data, although there are some discrepancy in more
central collisions. Values of C112 from both our calcu-
lations and the experimental measurement are negative
for all centralities. Besides possible non-flow effects from
momentum conservation in the AMPT simulations, this
could imply that the angles Ψ1 and Ψ2 of the reaction
planes for directed and elliptic flows are likely to be per-
pendicular to each other. Our results on C123, shown in
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FIG. 2: (Color online) Centrality dependence of Cm,n,m+n ×
N2part for mid-pseudorapidity (|η| < 1) charged particles of
transverse momentum pT > 0.2 GeV/c in Au+Au collisions
at
√
sNN = 200 GeV. Open circles are experimental data from
Ref. [14].
the upper right panel of Fig. 2, are seen to agree with
the experimental data within their error bars for most-
central collisions but are smaller than the experimental
data for mid-central collisions. Their essentially zero val-
ues indicate that the directed and triangular flows or the
angles Ψ1 and Ψ3 of their reaction planes are not suf-
ficiently correlated in the AMPT model for mid-central
collisions. For C224 shown in the lower left panel, our
results agree extremely well with experimental data for
all centralities, although there are small difference be-
tween our results on elliptic and quadrupolar flows and
those measured in experiments as shown in Fig. 1. Their
large values further indicate that there is a strong cor-
relation between the angles Ψ2 and Ψ4 of their reac-
tion planes. The lower right panel shows our results for
C235, which are seen to show similar trend and magni-
tude as experimental data, although overestimating the
data in most-central collisions and underestimating it in
mid-central collisions. Since the AMPT reproduces rea-
sonably well various anisotropic flows measured in ex-
periments as shown in Fig. 1, the above results on its
reasonable success in describing also the measured three-
particle correlations clearly indicate that the initial states
in the AMPT model are quite similar to what are gener-
ated in heavy ion collisions.
C. Relative pseudorapidity dependence of Cm,n,m+n
In this section, we study the relative pseudorapid-
ity |∆η| dependence of Cm,n,m+n for mid-pseudorapidity
(|η| < 1) charged particle of transverse momentum pT >
0.2 GeV/c in Au+Au collisions at
√
sNN = 200 GeV and
centrality 20-30%. In particular, we consider the pseudo-
rapidity difference between the first and the second par-
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FIG. 3: (Color online) Relative pseudorapidity |∆η| depen-
dence of Cm,n,m+n for mid-pseudorapidity (|η| < 1) charged
particles of transverse momentum pT > 0.2 GeV/c in Au+Au
collisions at
√
sNN = 200 GeV. Open circles are experimental
data from Ref. [14].
ticle (η1−η2) or the first and the third particle (η1−η3).
The upper left panel of Fig. 3 shows that C123 from the
AMPT model only changes slightly with |η1 − η2| as in
the experimental data. These results imply that there is
negligible breaking of boost invariance as seen in terms of
the pseudorapidity dependence of the angle Ψ2 of elliptic
flow. The |η1 − η3| dependence of the results from the
AMPT model, shown in the upper right panel, shows, on
the other hand, a strong decrease with increasing |η1−η3|
as in the data, indicating that azimuthal angles Ψ1 and
Ψ3 of the reaction planes for the directed and triangular
flows change strongly with rapidity. Since our results for
C123 are smaller than experimental data for small values
of |η1 − η2| and |η1 − η3|, the reaction planes for the di-
rected and triangular flows in the AMPT model is thus
less correlated than measured in experiments. This is
probably due to the Hambury-Brown-Twiss interference
of identical particles at small ∆η [22], which is not in-
cluded in the AMPT.
The lower two panels show the |η1 − η2| and |η1 − η3|
dependence of C224, and both are seen to agree with ex-
perimental data very well. As for C123 in the upper left
panel, C224 in the lower left panel also changes little with
|η1−η2|, indicating that the reaction plane for the elliptic
flow has a weak dependence on rapidity. The lower right
panel shows that C224 decreases slightly with increas-
ing |η1 − η3|, implying that the reaction plane for the
quadrupolar flow changes with rapidity and thus breaks
slightly the boost invariance.
V. SUMMARY
Using the AMPT model with parameters for the Lund
string fragmentation and parton scattering taken from
Ref. [18], we have calculated the centrality dependence of
various anisotropic flows in Au+Au collisions at
√
sNN =
200 GeV from the two-particle cumulant method. The
obtained results are seen to agree with experimental data
from the STAR Collaboration in both the trend and mag-
nitude. We have found that the square of the directed
flow v1{2}2 can be negative in more peripheral collisions
as in experiments, and this has been attributed to the
net total transverse momentum of particles included in
the evaluation and the small number of particles in more
peripheral collisions.
We have also used the AMPT model to study var-
ious three-particle correlations in Au+Au collisions at√
sNN = 200 GeV as functions of centrality, which con-
tain information on both flow harmonics and correlations
among their reaction planes. We have found that our re-
sults for C112, C224 and C235 generally agree with experi-
mental data both in their magnitude and dependence on
the participant number of collisions. In particular, our
results for C224 agree very well with the data, although
our results for the elliptic and quadrupolar flows differ
slightly from the data. For C123, our results show that
for mid-central collisions there is a weaker correlation be-
tween the angles of the reaction plane for the directed,
elliptic and triangular flows for mid-central collisions in
AMPT model than in the experimental data. We have
further studied the dependence of three-particle correla-
tions on the relative pseudorapidity |η1−η2| and |η1−η3|
between first and second particles as well as between first
and third particles. Our results are seen to agree with
experimental data for C123 and C224, and indicate that
the boost invariance is weakly broken in the angles of
the reaction planes for the elliptic and quadrupolar flows
but strongly broken in those for the directed and trian-
gular flows. These results have led us to conclude that
the AMPT model with its fluctuating initial conditions
and strong partonic scatterings can capture the essen-
tial collision dynamics of relativistic heavy ion collisions
as revealed in the measured anisotropic flows and three-
particles correlations.
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